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I

n signal analysis, the signals to be detected usually contain unknown parameters such as amplitude, time delay, phase, and
frequency; these parameters must be estimated prior to the signal detection. The techniques used to estimate these signal
parameters can be broadly classified into two main categories known as parametric and non-parametric methods. This paper
presents a review of these signal parameter estimation techniques.

Introduction
Signal parameter estimation, and hence detection, problems are concerned with the analysis of received signals to determine
the absence or presence of a signal of interest; the extraction of information in these signals as well as the signal classification
[1]. These are problems of significance in applications such as seismic exploration, speech recognition, cellular mobile
communication, biomedical engineering, radar and sonar signal processing. The signals to be detected often contain unknown
parameters, such as amplitude, time delay, phase, and frequency; these parameters must be estimated before any signal
detection. To estimate these parameters, a number of methods can be applied. Generally, signal parameter estimation
techniques can be classified into two main categories; namely parametric and non-parametric approaches [2-4]. A review of
some of these signal parameter estimation methods is presented in this paper.

Parametric and Non-Parametric Signal Parameter Estimation Techniques
Non-parametric techniques are Fourier-based methods of providing spectral estimates where no prior model is assumed, in
the sense that no assumptions are made concerning the physical process that generated a given data. They are also known as
the classical methods of spectral estimation. Although this approach of signal parameter estimation is computationally efficient,
it however has limited frequency resolution. These methods also suffer from spectral leakage effects that often mask weak
signals. Prominent conclusions from these non-parametric techniques are that there is always a compromise in the biasvariance trade-off because both of these errors cannot be minimised simultaneously [2-5].
Parametric-based methods can however be used to extract high-resolution estimates, especially in applications where short
data records are available due to transient phenomena, provided the signal structure is known. These techniques are also known
as model-based methods of spectral estimation, where a generating model with known functional form is assumed. The
parameters in the assumed model are then estimated, and a signal’s spectral characteristics of interest derived from the
estimated model. Therefore, the estimated spectral characteristics are only as good as the underlying model. Examples of these
parametric-based techniques include the autoregressive (AR) process model (comprising the Yule-Walker [4, 6] and least
squares methods [4] ), the moving average (MA) process model, as well as the combined autoregressive moving average
(ARMA) process model [2-4]. The autoregressive process model, such as the Prony algorithm, is the simplest of the
parametric-based techniques. The Prony algorithm, which models sampled data as a linear combination of exponentials, is a
technique that can be used for identifying the frequencies, amplitudes, and phases of a signal. Although the Prony algorithm
has the ability to resolve rays much closer than the Fourier-based limit, it however has a tendency to yield biased estimates. An
improved version of the Prony algorithm, named “singular value decomposition followed by prony-type root recovery,” is
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often referred to as singular value decomposition prony (SVDP).
A further example, of the parametric-based methods, is the space-alternating generalized expectation-maximization (SAGE)
algorithm [7]. The SAGE algorithm is a low-complexity generalisation of the expectation-maximization (EM) algorithm [8].
The EM algorithm is an iterative procedure used to compute a maximum likelihood estimate when an observed data is
regarded as incomplete [9]. The SAGE algorithm breaks down a multi-dimensional optimisation process, necessary to compute
the estimates of the parameters of a wave, into several separate, low-dimensional maximisation procedures, which are
performed sequentially; thereby reducing the computational cost. Furthermore, this algorithm overpowers the resolution
limitation inherent in the Fourier-based methods. However, the SAGE algorithm depends on the assumption that a finite known
number of waves characterised by their propagation delay, complex amplitude, and azimuthal incidence direction are
impinging in the neighbourhood of a receiver. Under-estimating the number of impinging waves can result in poor resolution,
while over-estimation can give rise to spurious components in the parameter estimates.
Another class of these parametric-based estimation methods is the subspace-based technique. This method, also known as
super-resolution or high-resolution techniques, generate frequency component estimates of a given signal based on the
decomposition of an observation vector space into two subspaces; one associated with the signal and another associated with
the noise [2, 9]. Each noise vector is assumed to be uncorrelated with the signal vectors and among other noise vectors. Then
the functions corresponding to the vectors in the signal or noise subspaces can be used to create frequency estimators which,
when plotted, indicate sharp peaks at the frequency locations of interest. Pisarenko harmonic decomposition (PHD) algorithm
[2-4] was the first of these methods, which consequently spurred many improved methods such as the multiple signal
classification (MUSIC) algorithm [10]. The MUSIC algorithm was initially used for azimuth estimation. The algorithm was
later applied to time delay estimation. The MUSIC algorithm gives better resolution than the autoregressive or Prony methods.
Although MUSIC was the first of the high-resolution algorithms to accurately exploit the underlying data model of signals that
are buried in noise, this algorithm however has several limitations. For example, a complete knowledge of the array manifold
is needed, and the search over parameter space is computationally expensive. A polynomial-rooting version of the MUSIC
technique, known as “root-MUSIC,” is known to have similar asymptotic properties as the conventional MUSIC algorithm.
Moreover, this root-MUSIC technique is plagued by spurious roots which cause problems in identifying the actual roots
corresponding to the true signals.
Other examples of these subspace-based techniques include the minimum norm method [11] and estimation of signal
parameters by rotational invariance techniques (ESPRIT) method [12]. The ESPRIT is an extension of the MUSIC algorithm.
ESPRIT uses two or more arrays that bear a translation invariance relationship with respect to each other and then exploits the
underlying rotational invariance among the signal subspaces to solve a generalised eigenvalue equation. This algorithm has
two variants; the original ESPRIT, and a total least squares (TLS) version of the original technique. These two variants of
ESPRIT are known to give similar asymptotic estimation accuracy. However, the TLS version has lower bias in the frequency
estimates. ESPRIT exhibits significantly low computational complexity over the MUSIC algorithm and produces estimates that
are asymptotically unbiased.
A summary of the advantages and disadvantages of these signal parameter estimation methods is presented in Table I.

Advantages and Disadvantages of Some Signal Parameter Estimation
Techniques
Table I. Summary of the Advantages and Disadvantages of Some Signal Parameter Estimation Techniques [13].
Method

Advantages

Yule-Walker Algorithm
[2, 3, 14].

(1) Computationally efficient.
(2) Produces better resolution than Fourier-based methods.

Least Squares Method
[2-4, 14].

(1) Has superior performance than the Yule-Walker algorithm.
(2) Yield statistically stable spectral estimates.

Pisarenko Harmonic
Decomposition
[2-4, 9, 15].

Computationally efficient.

Disadvantages
(1) The model order needs to be specified in advance of
the analysis.
(2) Performs relatively poorly for short data records.
(1) The model order needs to be specified in advance of
the analysis.
(2) The resolution for signals with low signal-to-noise
ratios (SNRs) is comparable to that obtained from
Fourier-based methods.
(1) The performance is poor at low SNRs.
(2) The model order needs to be specified in advance of
the analysis.
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Method
Extended Prony Algorithm
[2, 3, 14].

Advantages
(1) Parameter estimates are less biased than those obtained from
the Pisarenko method.
(2) Can resolve delays to better than half the Fourier limit.

MUSIC Algorithm [10].

(1) Has better resolution than Prony-based algorithm.
(2)Yields asymptotically unbiased parameter estimates.

Minimum Norm
[16, 17].

(1) Has lower computational cost, and better resolution, than the
MUSIC algorithm.
(2) Optimises the separation of the spurious roots in rootMUSIC.

TLS-ESPRIT [9].

(1) Produces less biased estimates.
(2) More accurate than conventional ESPRIT.
(3) Manifests superior performance than the Pisarenko and
minimum norm methods.

SAGE Algorithm [7].
Independent Component
Analysis [18].
gold-MUSIC Algorithm
[19].

(1) Has lower computational cost than the MUSIC algorithm.
(2) Yields better resolution than Fourier-based approaches.
(1) Lower sensitivity to SNRs, number-of-paths, and bandwidth,
when compared with the MUSIC algorithm.
(2) Has lower computational cost than the MUSIC algorithm.
(1) Low sensitivity to different SNR conditions.
(2) Has quick convergence.

Disadvantages
(1) The model order needs to be specified in advance of
the analysis.
(2) Resolution degrades at low SNR scenarios.
(1) High computational burden.
(2) The model order needs to be specified in advance of
the analysis.
(3) Fails to resolve closely spaced signals at low SNRs.
Exhibit spurious peaks, and merging of spectral peaks,
at low SNR values.
(1) Requires an accurate estimate of the number of
signals.
(2) Has higher computational cost than conventional
ESPRIT.
The number of impinging waves needs to be specified
in advance of the analysis.
Requires proper selection of a cost function.
gold-MUSIC and conventional MUSIC algorithm
follows the same steps, until the isolation of the noise
eigenvectors, which requires an accurate estimate of the
number of signals.

Conclusions
In this paper, a review of signal parameter estimation techniques has been presented. It was shown that while the classical
(or Fourier-based) methods of signal parameter estimation are computationally efficient, they however have limited frequency
resolution. Moreover, parametric (or model-based) signal parameter estimation techniques can be useful in extracting highresolution estimates. Examples of these model-based parameter estimation methods, reviewed in this paper, include the
autoregressive process models, the space-alternating generalized expectation-maximization algorithm, and subspace-based
techniques.

Olusegun A. Aboaba
Olusegun A. Aboaba received the BSc and MSc degrees in electronic and electrical engineering in 1995
and 2000 respectively from Obafemi Awolowo University, Ile-Ife, Nigeria. He received the PhD degree
in electrical and computer engineering from Curtin University, Perth, Western Australia.
Dr. Aboaba is a member of the Institute of Electrical and Electronics Engineers (IEEE) and the Nigerian
Society of Engineers (NSE). He is a former Associate of the Abdus-Salam International Centre for
Theoretical Physics (ICTP), Trieste, Italy. He received the Best Paper Award at the 12th Asia-Pacific
Conference on Communications (APCC), Busan, South Korea.
Email: aboaba@ieee.org

References
[1]

B. C. Levy, Principles of Signal Detection and Parameter Estimation. Boston, MA: Springer, 2008.

[2]

S. L. Marple, Digital Spectral Analysis with Applications. Englewood Cliffs, New Jersey: Prentice-Hall Inc., 1987, ch. 5-6.

[3]

S. M. Kay, Modern Spectral Estimation: Theory and Application. Englewood Cliffs, New Jersey: Prentice-Hall Inc., 1988, ch. 4-5.

[4]

P. Stoica and R. Moses, Introduction to Spectral Analysis. Upper Saddle River, New Jersey: Prentice-Hall Inc., 1997, ch. 2-4.

[5]

H. Krim and M. Viberg, “Two decades of array signal processing research: the parametric approach,” IEEE Signal Processing
Magazine, vol. 13, no. 4, pp. 67-94, 1996.

[6]

G. Walker, “On Periodicity in Series of Related Terms,” Proc. of the Royal Society of London, vol. 131, no. 818, pp. 518-532, 1931.

28

2015; 2(2): 25-28

[7]

B. H. Fleury, M. Tschudin, R. Heddergott, D. Dahlhaus, and K. L. Pedersen, “Channel parameter estimation in mobile radio
environments using the SAGE algorithm,” IEEE Journal on selected areas in communications, vol. 17, no. 3, pp. 434-450, 1999.

[8]

M. Feder and E. Weinstein, “Parameter Estimation of Superimposed Signals Using the EM Algorithm,” IEEE Trans. on Acoustics,
Speech, and Signal Processing, vol. 36, no. 4, pp. 477-489, 1988.

[9]

C. W. Therrien, Discrete Random Signals and Statistical Signal Processing. Englewood Cliffs, New Jersey: Prentice-Hall Inc., 1992.

[10] R. O. Schmidt, “Multiple Emitter Location and Signal Parameter Estimation,” IEEE Trans. on Antennas and Propagation, vol. 34, no. 3,
pp. 276-280, 1986.
[11] R. Kumaresan and D. W. Tufts, “Estimating the Angles of Arrival of Multiple Plane Waves,” IEEE Trans. on Aerospace and Electronic
Systems, vol. 19, no. 1, pp. 134-139, 1983.
[12] R. Roy and T. Kailath, “ESPRIT-Estimation of Signal Parameters via Rotational Invariance Techniques,” IEEE Trans. on Acoustics,
Speech and Signal Processing, vol. 37, no. 7, pp. 984-995, 1989.
[13] O. A. Aboaba, “High-resolution multipath channel parameter estimation using wavelet analysis,” Ph.D. dissertation, Dept. Elect. and
Comp. Eng., Curtin Univ., Perth, WA, 2014.
[14] S. M. Kay and S. L. Marple, “Spectrum Analysis - A Modern Perspective,” Proc. of the IEEE, vol. 69, no. 11, pp. 1380-1419, 1981.
[15] P. Stoica and A. Nehorai, “Study of the statistical performance of the Pisarenko harmonic decomposition method,” IEE Proceedings F,
vol. 135, no. 2, pp. 161-168, 1988.
[16] R. Kumaresan and D. W. Tufts, “Improved Spectral Resolution III: Efficient Realization,” Proc. of the IEEE, vol. 68, no. 10, pp. 13541355, 1980.
[17] R. Kumaresan and D. W. Tufts, “Estimating the Angles of Arrival of Multiple Plane Waves,” IEEE Trans. on Aerospace and Electronic
Systems, vol. 19, no. 1, pp. 134-139, 1983.
[18] M. Pourkhaatoun and S. A. Zekavat, “High-resolution independent component analysis based time-of-arrival estimation for line-ofsight multipath environments,” IET Communications, vol. 5, no. 10, pp. 1440-1452, 2011.
[19] K. V. Rangarao and S. Venkatanarasimhan, “gold-MUSIC: A Variation on MUSIC to Accurately Determine Peaks of the Spectrum,”
IEEE Trans. on Antennas and Propagation, vol. 61, no. 4, pp. 2263-2268, 2013.

